An improved version of the well-known Peebles-Vilenkin model unifying early inflationary era to current cosmic acceleration, is introduced in order to match with the theoretical values of the spectral quantities provided by it with the recent observational data about the early universe.
1.

INTRODUCTION
The inflationary paradigm, an early accelerating phase of the universe, was implemented into the Big Bang Cosmology (BBC) with an aim to answer several deficiencies associated to BBC, such as the horizon problem, flatness or the primordial monopole problem as well as some more [1, 2] . Soon after the introduction of the inflationary paradigm, this mechanism was used to explain the primordial cosmological perturbations [3] [4] [5] [6] with great agreement with the recent observational data from Planck [7] . Certainly, the agreement with the observational data is a clear manifestation of the success of the inflationary paradigm. According to the earlier studies [1] [2] [3] [4] [5] [6] (also see [8] [9] [10] [11] ), the simplest viable scenario that depicts our universe comes through the inflation. While on the other hand, several attempts were also made aiming to obtain viable alternative cosmologies such as the non-singular bouncing cosmologies [12] [13] [14] [15] [16] [17] , where the Big Bang singularity, which is an unsolved problem of the inflationary cosmology, is replaced by a non-singular Big Bounce. In the non-singular bouncing cosmologies, the basic methodology is to obtain a dynamical universe that evolves from a contracting phase of the universe to its expanding one [18] [19] [20] [21] [22] [23] [24] [25] (also see [26, 27] ) and thus, it naturally avoids the Big Bang singularity.
What is important to point out is that a viable inflationary scenario needs a reheating mechanism in order to match with the Hot Big Bang (HBB) cosmology, because all the preexisting particles are diluted after the end of inflation due to the large size increase of our universe patch. This is not a trivial point, and in the case of standard inflation, i.e., when the potential has a well deep, after inflation, the inflaton field oscillates. As a consequence, the inflaton field releases its energy to produce the massive particles that after its decay and thermalization, reheat the universe. This mechanism has been widely studied in a series of works by several investigators [28] [29] [30] [31] [32] . However, after the discovery of the current cosmic acceleration [33, 34] , a class of cosmological models attempting to unify the early-and lateaccelerating expansions, the so-called quintessential inflation models [35] [36] [37] appeared where by constructions, the models are able to produce an early-and a late-accelerated expansions of the universe (also see [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] ). A natural behaviour of the quintessential inflation models is, the potential of the inflaton field does not have a local minima and thus, the inflaton field does not oscillate. For these models, to reheat the universe, a phase transition where the adiabatic regime is broken, is needed in order to create an enough amount of particles which after decays and interactions with other fields, form a thermal relativistic plasma whose energy density becomes dominant. This mechanism of particle creation can be obtained in different ways, such as the gravitational particle production [50] [51] [52] [53] [54] [55] [56] [57] [58] , instant preheating [59] [60] [61] [62] , curvaton reheating [63] [64] [65] , production of massive particles where the masses of the massive particles depend on the inflaton field [66] , or, the production of massive particles with a self-interaction and coupled to gravity [67] .
Another important question is related to the bounds of the reheating temperature. A lower bound is obtained recalling that the radiation dominated era is prior to the Big Bang Nucleosynthesis (BBN) epoch which occurs in the 1 MeV regime [68] . As a consequence, the reheating temperature has to be greater than 1 MeV. The upper bounds may depend on the theory we are dealing with, for instance, in many supergravity and superstring theories containing particles, such as the gravitino or a modulus field, with only gravitational interactions, and thus the late time decay of these relics products may disturb the success of the standard BBN [69] . This problem can be successfully removed if the reheating temperature is of the order of 10 9 GeV [70] . In the present study, we will accept this usual bound restricting the reheating temperature staying between 1 MeV and 10 9 GeV. On the other hand, one has to take into account that a viable reheating mechanism has to deal with the affectation of the Gravitational Waves (GWs) in the BBN success by satisfying the observational bounds coming from the overproduction of the GWs [36] , or related to the logarithmic spectrum of its energy density [71] .
In the present work, we consider an improved version of a well known quintessential inflation model, namely, the Peebles-Vilenkin potential [36] , where the inflationary piece is now changed to quadratic instead of quartic as in the original version. We do this change because a quartic potential leading to a scalar spectral index, n s , and the ratio of tensor to scalar perturbations, r, do not enter in the marginalized joint confidence contour in the 2-dimensional plane at 2σ confidence-level (CL) [7] , but since in the quintessential inflation model, the number of e-folds is larger than in standard inflation, a quadratic potential leads to theoretical values of (n s , r) that enter at 2σ CL (see [39] for a detailed discussion). We also assume a pre-heating due to the gravitational production of heavy massive particles, which will decay in lighter ones to form a thermal relativistic plasma, because one can use the Wentzel-Kramers-Brillouin (WKB) method or approximation to calculate the vacuum modes. And in the case of a sudden phase transition, it is possible to calculate the energy density of the produced particles in an analytic way. Consequently, one becomes able to perform the calculations of the relevant quantities in an analytical way, such as the decaying time or the reheating temperature. We note that both the quantities that means decaying time and the reheating temperature depend on whether the decay occurs before or after the time at which the energy density of the background is equal to that of the produced particles, i.e., at the end of kination [72] . Finally, we show that our model overpasses the constraints given by the production of GWs and leads to reheating temperatures compatible with the BBN success.
Our study is structured as follows. In Section 2 we apply the WKB method to cosmology, showing how to approximate, during the adiabatic regimes, the vacuum modes using the n th order WKB approximation, and discussing when one can use it in the early universe.
Section 3 is devoted to the study of the reheating via particle production of massive particles considering the improved version of the Peebles-Vilenkin model [36] with a sudden phase transition from inflation to kination where using the WKB approximation, we calculate the energy density of the produced particles, and consequently, we obtain the reheating temperature in two different situations, namely when the decay of the particles is before the end of kination and when it is after it. In Section 4 we consider the bounds imposed in order that GWs do not disturb the BBN, showing that our model overpasses them. After that in Section 5 we constrain the quintessence piece of the model using the latest astronomical data from various sources. Finally, we close the present work in Section 6 presenting a brief summary of the entire results. Last but not least, let us mention that, throughout the entire calculations presented in the next sections, the units used are = c = 1, and we denote the reduced Planck's mass by
GeV.
THE WKB APPROXIMATION IN COSMOLOGY
We begin our analysis considering a massive quantum field χ which is conformally coupled to gravity with the following Lagrangian [73] :
where m χ is the bare mass of the quantum field and R is the scalar quantity known as the Ricci curvature. The corresponding Klein-Gordon (K-G) equation following the variation of χ, is given by
Now, in the background of a spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime, and working in the Fourier space, the K-G equation can be recast into
where the prime denotes the derivative with respect the conformal time τ , and H ≡ a /a, is the conformal Hubble parameter.
In order to understand the equation (3) clearly, it is useful to perform the following change
which is the equation of an harmonic oscillator with time depend frequency ω k (τ ) =
During the adiabatic regimes, to calculate the k-vacuum mode, one can use the WKB approximation [74] 
where n is the order of the approximation and W n,k (τ ) is calculated as follows (see for more details [75] ). First of all, instead of equation (4) we consider the following equation
where¯ is a dimensionless parameter that one may set¯ = 1 at the end of calculations.
Looking for a solution of (6) of the form
where W 0,k (τ ;¯ ) ≡ ω k (τ ), after inserting it in (6) and collecting the terms of order¯ 2n one gets the following iterative formula
Then, as an example, a simple calculation leads, after setting¯ = 1, to
On the other hand, the standard condition to guarantee the adiabatic regime is ω k ω 2 k . For this condition one can approximate the modes by the zero order WKB approximation
but to use the n th -order approximation, one needs that the more general condition is,
which is always satisfied when H m χ .
The question that arises now is, when in the early universe, one can apply the WKB approximation. It is well-known that at temperatures of the order of the Planck's mass, quantum effects become very important and the classical picture of the universe is not possible. However, at temperatures below M pl , for example at GUT scales (i.e., when the temperature is of the order of T ∼ 4 × 10 −3 M pl ∼ 10 16 GeV), the beginning of the Hot Big Bang (HBB) scenario is possible. Since for the flat FLRW universe, the energy density of the universe, namely, ρ, and the Hubble parameter H are related through ρ = 3H 2 M 2 pl , and the temperature of the universe is related to the energy density via
where the degrees of freedom is, g * = 107, 90 or 11, for temperatures satisfying respectively, T ≥ 175 GeV, 175 GeV > T > 200 MeV and 200 MeV ≥ T ≥ 1 MeV (see for instance [76] ); thus, one can conclude that a classical picture of the universe would be possible when Finally, the evolution of the vacuum goes as follows: the k-vacuum mode during the adiabatic regime could be approximated byχ
, but when the adiabatic regime breaks down during a period of time, the WKB approximation could not be used, and only at the end of this period, one could again use it; but now the vacuum mode is a combination of positive and negative frequency modes which could be approximated by a linear combination ofχ W KB n,k and its conjugate of the form α n,kχ
* , where α and β are the so-called Bogoliubov coefficients, and it is the manifestation of the gravitational particle production. Basically, this is Parker's viewpoint of particle creation in curved space-times [50] , where the β-Bogoliubov coefficient is the key ingredient to calculate the energy density of the produced particles.
REHEATING IN QUINTESSENCE INFLATION VIA GRAVITATIONAL PRO-DUCTION OF HEAVY MASSIVE PARTICLES
In order to deal with an analytically solvable problem, i.e., having an analytic expression of the β-Bogoliubov coefficient, we consider a sudden phase transition where the second derivative of the Hubble parameter is discontinuous, which happens for the following im-proved version of the well-known Peebles-Vilenkin quintessential inflationary potential [36] 
where the free parameter M can be approximated as M ∼ 20 GeV (see [36] and [80] for a detailed discussion on how the value of this parameter is obtained).
Here, it is important to point out that the inflationary piece of the original PeeblesVilenkin potential is quartic, and thus the theoretical values of spectral index and the ratio of tensor to scalar perturbations do not enter in the marginalized joint confidence contour in the plane (n s , r) at 2σ CL [7] , without the presence of running [39] . This is the reason why we have changed the quartic part of the potential by the quadratic potential, whose spectral values, due to the fact that in the quintessential inflation, the number of e-folds for realistic models is between 63 and 75, do actually enter in this contour [39] . This is the main motivation behind this work.
To calculate the mass of the inflaton, we use the theoretical and observational values of the power spectrum. The power spectrum of the curvature fluctuation in a co-moving coordinate system when the pivot scale leaves the Hubble radius is given by [81] :
, is the main slow roll parameter and the symbol " * " (pronounced as "star") means that the quantity is evaluated when the pivot scale leaves the Hubble radius, obtaining
where we have used that for our model one has * =
which means that, * ∼ =
1−ns 4
, where n s denotes the spectral index, and during inflation one
Since from the recent observations by Planck [7] , the value of the spectral index is constrained to be, n s = 0.968 ± 0.006 [7] , thus, taking its central value one gets, m ∼ = 5 × 10 −6 M pl , and as a consequence, if one assumes, as usual, that there is not any substantial drop of the energy density between the end of inflation and the beginning of kination, and moreover, takes into account that, , which means that for ϕ −M pl , one has 1 (slow-roll period) and then w ef f ∼ = −1. Immediately after the end of inflation, which as we have already seen occurs at ϕ end = − 2 + √ 3M pl , the universe suffers a phase transition from inflation to a kination regime [72] , which starts at ϕ = −M pl , and where due to the small value of the parameter M , the potential energy density is negligible compared to the kinetic one. This means that in the kination phase, w ef f ∼ = 1. Note that at the end of the phase transition, i.e., at ϕ = −M pl , the adiabatic regime is broken, because the second derivative of the Hubble parameter is discontinuous, and thus particles are produced. Effectively, the derivative of the potential is discontinuous at ϕ = −M pl , which means that due to the conservation equation, the second derivative of the inflaton field is discontinuous at the beginning of kination. As a consequence, using the Raychaudhuri equation
can deduce that the second derivative of the Hubble parameter is also discontinuous at this time. Then, since during the kination regime the energy density of the scalar field decreases faster than the energy density of the produced particles, eventually the energy density of the produced particles starts to dominate and the universe enters into the radiation phase which ends at the matter-radiation equality. Finally, at the present time, due to the value of the parameter M , the energy density of the field, which is practically all potential, starts to dominate once again, and thus,Ḣ ∼ = 0, which means w ef f ∼ = −1, showing the current cosmic acceleration.
To perform all the calculations in an analytical way, in our case, we only need the first order WKB solution to approximate the k-vacuum modes before and after the phase transition, and this is given byχ
because W 1,k (see eqn. (9)) contains the first derivative of the Hubble parameter, and since the matching involves the derivative of the mode, the β-Bogoliubov coefficient does not vanish.
Before the phase transition time, namely, τ kin , the vacuum mode is depicted by χ
but after the phase transition this mode becomes a mixture of positive and negative fre-
by matching both the expressions and its derivatives at τ kin [80] 
where we have introduced the notation a kin = a(τ kin ).
On the other hand, the vacuum average energy density of the χ-field is given by [73] 
which is a divergent quantity. Thus, this quantity has to be renormalized, the most popular way to do it is to use the adiabatic regularization, which consists in subtracting the zero, second and fourth order adiabatic expressions of the energy density (see for instance [82] ).
In the appendix of [83] it has been shown that the leading term of the renormalized energy density of the produced particles after the phase transition is given by
and for our model, using cosmic time, we will have
Note that the quantity 
Note that this expression could be written as follows ρ ren χ (t) = m χ n χ (t), where
has to be understood as the number density of produced particles at the phase transition.
We consider the decay of the χ-field in fermions (χ → ψψ) via a Yukawa-type interaction hψψχ, giving rise to the decay rateΓ = h 2 mχ 8π
[77], which will be finished whenΓ ∼ H(t dec ) ≡ H dec . First of all, we impose that the decay was before the end of kination, that means, before the equality between the energy density of the field and the one of the produced particles.
Thus, for the universe staying in the kination regime we will have
, and the corresponding energy densities will be
On the other hand, from the condition ρ ren χ,dec ≤ ρ dec , one gets
which for the value of the inflaton mass m ∼ = 5 × 10 Assuming instantaneous thermalization, the reheating temperature, i.e., the temperature of the universe when the relativistic plasma in thermal equilibrium starts to dominate, could be calculated as follows. The evolution of the energy density of the created particles and background respectively are,
which tells us that at the time when the kination phase ends, namely t r , i.e., when ρ r ≡ ρ(t r ) = ρ ren χ (t r ) ≡ ρ ren χ,r , the reheating temperature can be calculated as follows: Since at t r we will have,
, thus, the reheating temperature takes the form
This reheating temperture [i.e., eqn. (26)], using the above values of the inflaton mass m ( ∼ = 5 × 10 −6 M pl ) and m χ ( ∼ = 5 × 10 −4 M pl ), can be approximated as , and its number density is
Taking into account that, if the particles interact by the exchange of gauge bosons and establish thermal equilibrium among the fermions and gauge bosons, the interaction rate will be nσ, where the cross section is given by σ ∼ = Rα 2 , where the subscript " th" attached to any quantity refers to its value at the time when the thermal equilibrium has been established.
In fact, one can calculate the scale factor at t = t rh as follows:
which means that the thermal equilibrium occurs well before the equality between the energy density of the scalar field and the one of the decay products, and thus, one could safely assume an instantaneous thermalization.
Now we assume that the decay of the χ-field is after the end of kination. Since the decay is after t r , one has to imposeΓ ≤ H r . Taking this into account, one has
where we have introduced the so-called heating efficiency defined as Θ ≡ parameter h has to be very small satisfying h ≤ 6 × 10 −11 . Assuming once again the instantaneous thermalization, the reheating temperature (i.e., the temperature of the universe when the thermalized plasma starts to dominate) will be
where we have used that after t r , the energy density of the produced particles dominates the energy density of the inflaton field. Then, we will have
Consequently, assuming that the BBN epoch occurs at the 1 MeV regime, this constrains the value of h residing in the interval 10 −19 ≤ h ≤ 6 × 10 −11 , and the reheating temperature, depending on h, will be in the TeV, GeV or in the MeV regime.
At the end of this Section we need to show that the timet ∼ 10 11 M −1 pl at which a kin a(t)
is very small compared with the time that kination lasted. To simplify, we assume that the decay is before the end of kination although the reasoning is similar in the other situation.
In that case we have
BBN CONSTRAINTS COMING FROM THE PRODUCTION OF GRAVITA-TIONAL WAVES
This section is devoted to present the bounds on the proposed improved version of the quintessential inflationary model using the Big Bang Nucleosynthesis (BBN) where we explicitly use the BBN constraints from the logarithmic spectrum of GWs and consequently the BBN bounds from the overproduction of GWs.
BBN constraints from the logarithmic spectrum of GWs
It is well known that during inflation, the GWs are produced (known as the primordial GWs, in short PGWs), and in the post-inflationary, i.e., during kination, the logarithmic spectrum of GWs, namely, Ω GW defined as Ω GW ≡ 
where h 0 ∼ = 0.678 parametrizes the experimental uncertainty to determine the current value of the Hubble constant and k BBN , k end are respectively the momenta associated to the horizon scale at the BBN and at the end of inflation. As it has been shown in [84] that the main contribution of this integral (32) comes from the modes that left the Hubble radius before the inflationary epoch and finally re-enters during the inflation, that means, for k r ≤ k ≤ k kin , where k r = a r H r and k kin = a kin H kin . For these modes one can calculate the logarithmic spectrum of GWs as in [85] (see also [66, [86] [87] [88] where the the graviton spectra in quintessential models have been reassessed, in a model-independent way, using the numerical techniques)
where
is the amplitude of the GWs; Ω γ ∼ = 2.6 × 10
0 , is the present density fraction of radiation; and the quantity˜ which for the Standard Model of particle physics is approximately equal to 0.05, takes into account the variation of massless degrees of freedom between decoupling and thermalization (see [66, 84] for more details). Now, plugging expression (33) into (32) , and disregarding the sub-leading logarithmic terms, one
To calculate the ratio k kin /k r , we will have to study the following three different situations:
1. When the produced particles are very light and its energy density decays as a −4 . In this case, as shown in [66] , one will have
where Θ is the heating efficiency introduced at the end of the previous Section. Thus, the constraint (34) eventually directs 
and consequently the constraint (34) becomes
which applied to our model finally leads to
(b) When the decay happens after the end of kination. In this case one has
and the constraint (34) leads to
The first case, i.e., when the particles are very light, does not fit here, because we are dealing with heavy massive particles. In the case, 2(a), i.e., when the decay is before the end of kination, the constraint (39) together with the the bound (24), coming from the imposition that the decay was before the end of kination, leads to the condition 
with for the values of m and H kin bounds the value of the mass of the quantum field to satisfy m χ ≤ 6 × 10 −4 M pl , which is compatible with our choice m χ = 5 × 10 −4 M pl to ensure that one can apply the WKB approximation. So, in this case, the gravitational waves do not affect the BBN success. Moreover, for the value m χ = 5 × 10 −4 M pl one obtains the bound 6 × 10 −11 ≤ h ≤ 10 −10 , and for these values, taking g * = 107, the reheating temperature (27) is around 240 TeV.
Finally, in the situation 2(b), i.e., when the decay occurs after the end of kination, the condition (41) bounds the value of the mass of the quantum field in order to satisfy m χ ≤ 10 −3 M pl , which is fulfilled for our choice, that means, the BBN constraint (32) is always overpassed when the decay occurs after the end of kination.
BBN bounds from the overproduction of GWs
The success of the BBN demands that [62] 
where t reh is the reheating time and ρ GW (t) is the energy density of the GW produced at the phase transition. The value of the energy density of the GWs is usually taken to be,
(see for example [36, 89] ), although we have discussed this point later in Appendix A.
Firstly, we assume that the decay occurs after the end of kination, and we calculate
. Using equation (28) and the fact that Θ = (a kin /a r ) 3 , one finds
which means that if the decay occurs before the end of kination, the constraint (43) is never achieved, because, after the decay, the energy densities of the produced particles decrease as the one of the GWs. Hence, the decay must occur after t r and assuming once again the instantaneous thermalization, the reheating time will coincide with the decay one. Then, we will have ρ ren χ,dec = 3Γ 2 M 2 pl , and since
we have
and thus,
meaning that the constraint (43) is satisfied for h ≤ 3×10 −12 . Therefore, since in the previous Section 3, we have showed that a successful reheating where the decay occurring after the equality between the energy density of the scalar field and the one of the produced particles demands that 10 −19 ≤ h ≤ 6 × 10 −11 , thus, one can conclude that in order to avoid problems in the BBN due to the overproduction of GW one has to choose 10
Moreover, this enables one to obtain a reheating temperature lower than 15 TeV.
OBSERVATIONAL DATA AND THE RESULTS
In this section we present the observational constraints on the quintessence piece of the present model (14) using the latest astronomical datasets, namely, the cosmic microwave background radiation, baryon acoustic oscillations distance measurements, Pantheon sample from the Supernovae Type Ia, and the Hubble parameter measurements from the cosmic
chronometers. In what follows we describe the observational datasets and the results.
• CMB: We use the cosmic microwave background (CMB) radiation from the Planck 2015 measurements. The CMB temperature and polarization anisotropies along with their cross-correlations from the Planck 2015 [90] have been employed in the analysis.
Specifically, the combinations of high-and low-TT likelihoods in the multiple range 2 ≤ ≤ 2508 as well as the combinations of the high-and low-polarization likelihoods [91] have been considered.
• BAO: Along with the CMB measurements, we consider the Baryon acoustic oscillation (BAO) distance measurements from diverse astronomical missions, namely, 6dF
Galaxy Survey (6dFGS) [92] ; Main Galaxy Sample of Data Release 7 of Sloan Digital Sky Survey (SDSS-MGS) [93] ; CMASS and LOWZ samples from the latest Data Release 12 (DR12) of the Baryon Oscillation Spectroscopic Survey (BOSS) [94] . The measurements by the above astronomical missions are as follows. From the 6dF
Galaxy Survey (6dFGS), the redshift measurement is at z eff = 0.106 ) [92] ; from the Main Galaxy Sample of Data Release 7 of SDSS-MGS is at z eff = 0.15) [93] ; from the CMASS and LOWZ samples of the latest Data Release 12 (DR12) of BOSS are respectively at z eff = 0.57 [94] and at z eff = 0.32) [94] .
• SNIa: In this work we take into account the latest compilation of the Supernovae Type Ia (SNIa) data known as Pantheon sample [95] consisting of 1048 data points in the redshift range z ∈ [0.01, 2.3].
• CC: We include the Hubble parameter measurements from the cosmic chronometers (CC) [96] comprising 30 measurements in the redshift range 0 < z < 2 (see Table 4 of [96] ).
The observational constraints of the quintessence model given in eqn. (14) have been extracted using the markov chain monte carlo package cosmomc [97] which is equipped with an efficient convergence diagnostic by Gelman and Rubin [98] . The code implements an efficient sampling to calculate the posterior distribution for each free parameter with the use of fast/slow parameter de-correlations [99] (the code is publicly available at http://cosmologist.info/cosmomc/). Let us describe the observational constraints that we have from the potential (14) . Let us note that we have performed the analyses for three different cases of the parameter M , namely, M = 1 GeV, M = 20 GeV and finally we allow M to be a free parameter varying in the region [−50, 50] aiming to see how the parameter M is constrained for the present model.
In Table I we summarize the observational constraints on the quintessence model for M = 1 GeV using various datasets, namely, CMB, CMB+BAO and CMB+BAO+Pantheon+CC.
And in Fig. 1 we show the one-dimensional marginalized posterior distributions for some derived parameters of the model as well as the two-dimensional contour plots between several combinations of the derived parameters at 68% and 95% confidence-level (CL). We find that all three datasets return exactly similar constraints on the derived parameters. Additionally, (14) that means, the model (14) for ϕ ≥ −M pl , using various combinations of the astronomical datasets have been presented for fixed M = 1 GeV. Let us note that here Ω m0 is the present value of the total matter density Ω m = Ω b +Ω c ; H 0 , the present value of the Hubble constant, is in the units of km/Mpc/sec, and σ 8 is the amplitude of the matter power spectrum.
that a strong negative correlation is present between the parameters H 0 and Ω m0 . However, concerning the H 0 , σ 8 parameters, we find that the contour of these two parameters is almost horizontal (see Fig. 1 ), hence, showing no correlations between them. Similarly, the contour of the parameters (Ω m0 , σ 8 ) is exactly vertical as seen from Fig. 1 and thus, we do not find any kind of correlations between these parameters also. Exactly similar conclusions have been noticed in a class of quintessence models [105] .
We then fix the value of M to 20 GeV and constrain the quintessence piece of the improved quintessential inflationary model (14) using the same datasets employed in the previous case, that means, CMB, CMB+BAO and CMB+BAO+Pantheon+CC. The results are summarized in Table II and the corresponding graphical distributions including the onedimensional posterior distributions and the two-dimensional contour plots at 68% and 95% CL, are displayed in Fig. 2 . Our analyses report that similar to the previous case with M = 1 Gev, here the constraints for all the combinations are almost similar, and moreover, although we expected some differences between the cosmological constraints for different values of the M parameter, but that does not happen actually. As usual we find that the correlations between the parameters observed for the case with M = 1 GeV exist for this model too, and in addition to that, the tension on H 0 is still persisting. Finally, we allow M to be a free parameter for the quintessence piece of the model (14) and constrain this scenario with the same datasets used for the previous two models. The reuslts are summarized in Table III and the corresponding graphical distributions are shown in Fig. 3 . We report that the current data cannot constrain M . It might be perhaps interesting to note that, although M is kept free in this analysis, but, the presence/absece of correlations between the parameters that were observed for fixed values of M , do not change for free M too. 
CONCLUDING REMARKS
The quest of a unified theory connecting both early-and late-accelerated expansions is one of the biggest challenges for modern cosmology but is always enthralling. The theory of quintessential inflation is an attempt of such a unified theory that has been found quite impressive according to the investigations performed in the last couple of years. The well known model in this category is the Peebles-Vilenkin potential [36] in which the inflationary piece of the model is described by an quartic potential; however, for this model, the theoretical values of scalar spectral index (n s ) and the ratio of tensor to scalar perturbations (r)
do not enter into the marginalized joint confidence contour in the plane (n s , r) at 2σ CL, without the presence of running [39] . Since for this quintessential inflationary model, the number of e-folds is greater compared to what we find for standard inflationary models, thus, if the quartic inflationary piece of the Peebles-Vilenkin model is turned into a quadratic one, then the theoretical values of the parameters n s , r may enter at 2σ CL of the plane (n s , r)
as reported by [7] .
Thus, following this, in the present work we study a quintessential inflationary model after an improvement in the inflationary piece of the well known Peebles-Vilenkin potential.
We find that the model provides with the theoretical values of the spectral indices in agreement with the current observational data about the early universe, and where the reheating happens due to the production of heavy massive particles. These created particles, after their decay into lighter ones and thermalization, form a thermal relativistic plasma whose energy density eventually dominates the one of the inflaton field. Due to the fact that the model contains a sudden transition from inflation to kination, and since the particles are very massive, this allows us to use the WKB method to calculate analytically the energy density density of the produced particles, and consequently, assuming a Yukawa-type decay, the corresponding reheating temperature can also be analytically found. Further, we have also analyzed its viability in two different situations: when the decay occurs before and after the end of kination as well. In both cases, the maximum reheating temperature lies in the TeV regime. However, if one takes into account the overproduction of Gravitational Waves, following the usual calculation, in order that they do not destabilize the BBN, the only viable case is when the decay is before the equilibrium, leading to a reheating temperature lower than 15 TeV.
We then constrain the quintessence piece of this potential in presence of the latest astronomical datasets aiming to constrain the derived parameters for three different choices of M , namely, M = 1 GeV, M = 20 GeV and M to be a free parameter. Our analyses show that for fixed M , the results do not change at all (see Table I and Table II ). In addition to that, the quintessence model behaves in a similar fashion to other quintessence models (see [105] , and the references therein), where one can notice the correlations between H 0
and Ω m0 while the other set of parameters, such as (Ω m0 , σ 8 ), (σ 8 , H 0 ) are uncorrelated (see Fig. 1 , Fig. 2 and Fig. 3 ). However, when we left M to vary in a big interval, this parameter is not constrained at all, at least with the current observational datasets we use in this work. Moreover, we also notice that considering three different scenarios chacaterized by the parameter M , the quintessence picce of the model is unable to release the tension on H 0 that has appeared from its global [100] and local measurements [102, 103] . A more concrete visualization can be found from Fig. 4 that establishes such a claim extracted from the present model.
Thus, in summary, we conclude with the comment that the proposed improved version of the well known Peebles-Vilenkin potential needs further examinations with the upcoming observational missions with an aim to investigate the natural consequences of this improvement that are closely related to other issues of the universe evolution as well.
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where we have introduced the notation Ω . First of all, note that at late times, the scale factor becomes constant, namely, a ∞ , and the energy energy density, at late times becomes,
where ω 
The divergent quantity 
which in the massless case becomes ρ χ,∞ = 1 2π 2 a 4
On the other hand, dealing with the quintessential inflation, for the production of massless particles after a phase transition from inflation to a regime with a constant Equation of State (EoS) parameter, such as kination or radiation, the energy density of the created particles can be given by [35, 36] : ρ(τ ) = 1 2π 2 a 4 (τ ) ∞ 0 k 3 |β k | 2 dk, which, as we have showed, corresponds to the energy density at very late times, but not to the energy density immediately after the inflation whose correct expression is given by eqn. (48) .
To perform the calculations we need the vacuum modes for a linear EoS (P = wρ) with constant EoS parameter, which are given bȳ
νw (kτ ) for w > − 
where H (1+3w) 2 (1 − 6ξ) [107] .
Since the energy density is a divergent quantity, and in contrary to the massive case it does not seem easy to obtain analytically a well defined quantity, however, we can calculate the energy density for massless particles when there is a phase transition form de Sitter to a regime with a constant EoS parameter, only for modes that leave the Hubble radius before the phase transition, removing the ultraviolet divergences. In fact, this is the way used in [89] to calculate the energy density of the produced particles, and the justification would come from the fact that the modes inside the Hubble radius do not feel gravity, so the modes that are inside the Hubble radius after the phase transition did not feel it and they are not excited enough to produce particles. τ kin . Then, the vacuum mode before the phase transition isū k,−1 (τ ) and after it, it becomes α kūk,w (τ −τ ) + β kū * k,w (τ −τ ). Matching both modes at τ kin , one obtains
which has a completely different behavior from the convergent quantity normally used to calculate the energy density of the produced particles evolving as [54, 89] 
